Generalized Cylinders are a flexible, loosely-defined class of parametric shapes capable of modeling many real-world objects. Straight Homogeneous Generalized Cylinders are an important subclass of Generalized Cylinders, whose cross-sections are scaled versions of a reference curve. Although there has been considerable research into recovering the shape of SHGCs from their contour, this work has almost exclusively involved methods that couple contour and heuristic constraints. A rigorous approach to the problem of recovering solid parametric shape from a single intensity view should involve at least two stages: i) deriving the contour constraints, and ii) determining if additional image constraints, e.g., intensity, can be used to uniquely determine the 3D object shape. In this paper, the authors follow the approach just described. This methodology is also important for the recovery of object classes like tubes, where contour and heuristic constraints are shown to be insufficient for shape recovery. First, we prove that SHGC contours generated under orthography have exactly two degrees of freedom. Next, we show that the remaining free parameters can be resolved using reflectance-based constraints, without knowledge of the number of light sources, their positions, intensities, the amount of ambient light, or the surface albedo. Finally, the reflectance-based recovery algorithm is demonstrated on both synthetic and real SHGC images.
An SHGC meridian is the locus of points on the surface corresponding to a specific point on the SHGC cross-section curve. A parallel extrema occurs when the sweeping function attains a maximum or minimum. An example of an SHGC, with the cross-section and meridian curves appropriately labeled, is shown in Fig. 2 
(a).
It is necessary to differentiate between terms referring to the 3D scene and terms referring to the image plane. A contour generator is defined as a 3D curve that generates the image contour. There are two kinds of contour generators, as defined in [29] : limbs, where the surface turns smoothly away from the viewer, and edges, where the surface orientation is discontinuous. The 2D curves in the image corresponding to limbs are referred to as either image limbs or the occluding contour, while the 2D image curves corresponding to edges are referred to as either image edges or the discontinuous contour. It is assumed throughout the paper that projection from the scene onto the image plane is scaled orthographic. It is further assumed that both the scaling function and the cross-section curve are twice continuously differentiable (C 2 ).
The meridians and parallels of an SHGC, whose projections can be determined directly from the image contour (see Section 4), provide a natural parametrization of an SHGC surface and seem to convey considerable information about the underlying shape (see Fig. 2 ). Nevertheless, in Section 3 of this paper it is shown that, without additional assumptions, no algorithm can recover the shape of an SHGC from the contour image alone. 1 A ruling on an SHGC surface (respectively, an SHGC image) are its parallels and meridians (respectively, image parallels and image meridians). It seems to the authors that although the term ruled surface is already well-defined and implies certain surface attributes, e.g., the surface is developable, its use in this more general context will be properly understood without introducing additional terminology. The illumination model assumed in this paper is much more general (e.g., allows for local specular reflection) than the purely Lambertian model originally assumed by the authors in [12] and [13] .
In Section 2, we provide some basic preliminaries: GC definitions and a discussion of previous work. In Section 3, we prove that there are at least two degrees of freedom unconstrained by SHGC contour and explore some properties of these contour-equivalent classes. A method for recovering the ruling of an SHGC contour is given in Section 4, as well as a proof that there are exactly two degrees of freedom unconstrained by SHGC contour. A intensity-based algorithm for recovering the free parameters, invariant to the number of light sources, their positions or intensities, as well as the surface albedo (assuming it is constant), is developed in Section 5. In Section 6, experimental results of the algorithm are presented for both real and synthetic intensity images. Finally (Section 7), the authors present some conclusions and plans for future work.
PRELIMINARIES: DEFINITIONS AND PREVIOUS WORK

GC Definitions
We begin this section with some Generalized Cylinder definitions.
Definition: A Generalized Cylinder is the solid generated by a planar cross-section curve as it is moved and deformed along an axis.
This definition is quite general and, perhaps not coincidentally, there have not been any recovery algorithms developed for the general GC class. SHGCs are a strict subclass of GCs and are defined as follows:
Definition: An SHGC is a GC with the following restrictions: i) the axis is straight; ii) the cross-section curve is a simple, smooth C 2 curve orthogonal to the axis; iii) the cross-sections are deformed only by scaling; iv) the scaling factor can be parametrized as a C 2 function of position along the axis;
The definition for SHGCs given here does not require that the SHGC axis be contained within the closed cross-section curve. As first noted by the authors in [13] , SHGCs with the axis external to the cross-section curve do not always appear to have a straight axis. This class of SHGCs allows for a wide variety of shapes, including the banana-shaped object shown in Fig. 2(b) . This "banana" is actually parametrized as an SHGC with respect to a fixed coordinate system, rather than by a Frenet frame, as is typically done for such curved objects.
Previous Work
Recovering SHGCs from contour has been studied by several vision researchers [6] , [16] , [23] , [32] , [36] , [37] , [38] . The methods described in these papers generally make use of contour information alone. The underconstrained nature of the problem, when only contour information is used, needs to be compensated for in some way. In the past, constraints have been added to the problem by considering a restricted subset of SHGCs (e.g., solids of revolution), invoking heuristic methods, or having some a priori set of models in the database of the recovery system.
Marr proposes an algorithm in [23] to recover shape from GC contours but makes unrealistic assumptions that are violated under general viewpoint conditions. For example, Marr assumes that the occluding contour is planar, which is generally incorrect, see [27] . In Brady and Yuille [5] , an extremum principle is developed for interpreting contours. In Horaud and Brady [16] , a method is presented for recovering the underlying GC such that a cross-section curve is found that extremizes compactness subject to an orthogonality constraint between the cross-section plane and the GC axis.
Recovery of surfaces of revolution, an important subclass of SHGCs, is considered by Richetin et al. [32] and LaVest [21] . Surfaces of revolution (hereafter SORs), however, have certain properties that do not hold for more general shape classes so that the methods given in [21] and [32] are not readily applicable to general classes of shape models.
In Ulupinar and Nevatia [35] , general definitions are given for both parallel and mirror symmetry. When the occluding contour satisfies one of these symmetry definitions, the underlying shape of the surface can be constrained. In practice, the symmetry criteria in [35] are rarely satisfied by SHGC contours. They are satisfied by the contours of SORs and linear SHGCs, but these shape classes satisfy a much simpler symmetry definition, i.e., bilateral symmetry. In Ulupinar [36] , SHGC contours are combined with various heuristic constraints to recover 3D shape from contour. The general method in [36] is problematic, however, since the heuristic constraints are completely local, e.g., orthogonality of the mesh, so that there is no clear understanding of the degrees of freedom unconstrained by the contour image. Such analysis can lead one to incorrectly conclude (as in [35] ) that a given problem is overconstrained when, in fact, it is underconstrained. More recently, quasiinvariant methods have been developed and used to recover SHGCs [37] . In addition, perceptual organization methods (e.g., edge collations) have recently been applied to SHGC shape from contour problems [14] , [38] .
The general problem with all the shape from contour methods just described, as will be shown in Section 3, is that the contour of an SHGC does not uniquely constrain the underlying 3D shape. In other words, if we consider only the contour image then the problem is inherently underconstrained.
Unless these shape from contour methods make certain assumptions, such as mesh orthogonality or cross-sectional symmetry, the object shape cannot be recovered uniquely. If certain heuristic assumptions are made, there is no way to recover objects that violate these assumptions. Also, these methods will fail in cases where heuristics are simply not applicable, as in the case of non-rigid objects, like the tube surface shown in Fig. 1(a) . Since the intensity image imposes its own set of constraints on the underlying object shape, it seems only natural to include these constraints in the recovery process.
Recovering shape information from surface shading was first developed by Horn [17] . However, like most shape from shading methods subsequently developed [18] , [19] , [24] , [39] , there is no surface model other than that of local surface structure (e.g., smoothness). Initially, these methods required detailed knowledge of imaging parameters, such as the direction and strength of illuminant sources. In more recent shape from shading (hereafter SFS) methods [26] , [22] , [39] , [34] , a reflectance map has not been presupposed. Instead, imaging parameters such as the illuminant strength and direction, have been solved for directly from the intensity image. The problem with many of these local SFS methods is that they impose restrictions on the underlying 3D surface that are generally not satisfied. For example, some of the local SFS algorithms assume that the surface is umbilical and that the change in surface normal is distributed isotropically. For most SHGCs, neither of these assumptions is true. Also, most SFS algorithms suffer from a tendency to flatten out the recovered surface since a priority is given to the recovered surface being smooth. These methods currently do not incorporate any global shape constraints into the recovery process.
Psychological experiments have shown [30] that neither the absolute value of the intensity in a local area nor detailed knowledge about the parameters of the geometrical optics play a significant role in human perception of shape from shading. In addition, it has been shown that in human shape from shading perception a much greater significance is placed on the perceived relationship between image contour and intensity. With this in mind, Asada [1] proposed a method to reconstruct a cylindrical shape from shading and contour information without knowing the lighting conditions or surface albedo.
In [12] , an algorithm was developed by the authors that uses both contour and intensity constraints to uniquely recover (modulo scale) the 3D shape of an SHGC. The algorithm, however, assumed a pure Lambertian reflectance model, which in practice is extremely restrictive. Subsequent work by Asada et al. [2] , [3] generalizes the reflectance model to allow for ambient, specular, and generalized Lambertian reflectance, but assumes a single point light source. 2 In this paper, we present a reflectance-based method that allows for any number of light sources, plus ambient, Lambertian, and local specular reflectance. The reflectance-based algorithm described in Section 5 of this paper is also invariant with respect to the positions and intensities of the light sources. Before understanding the additional shape constraints provided by the intensity image, the SHGC contour constraints must be fully-understood. In the next two sections (Section 3 and 4), the authors derive the precise contour constraints of an SHGC image.
CONTOUR-EQUIVALENT SHGCS
In this section, we prove that there are two contour-equivalent classes of SHGCs. First, we consider a canonical SHGC, analyzing its surface and projective properties (Section 3.1). Next, we show that one contour-equivalent class of SHGCs can be generated by varying the slant of the 3D crosssection curve (Section 3.2), and a second contour-equivalent class can be generated by translating the SHGC axis (Section 3.3).
Surface and Projective Properties
SHGCs can be precisely defined with respect to an orthonormal coordinate system ( 
where O is the centroid of the top SHGC cross-section curve, and (i
is a vector basis of the top cross-section plane. An explicit parametrization for the swept surface of an SHGC S , given as a function of z and t , can be written as The above definition for SHGCs is quite general. SHGCs as defined above are much more general than superquadrics, as they subsume the superquadric class even if the SHGC cross-section curve is restricted to being superelliptic. It also subsumes the class studied by Ponce et al. in [29] , where the cross-section curve is restricted to being a piecewise polar function. The definition for SHGCs in this paper, however, is a strict subset of the general class defined by Ponce in [28] , where the scaling function r is not required to be a function of z . This latter definition for SHGCs, though, is difficult to use as it includes instances of surfaces that are not regular (e.g., self-intersections).
For OP → , the partial derivatives are given by
The normal vector on the SHGC surface, obtained by taking the vector cross product of the partial derivatives, can be written as
The expression for the SHGC Gaussian curvature is easily derived (see [10] and [29] ) and is given by
To derive some projective properties of SHGC S , a viewing direction is required. Let us assume that the orthographic viewing direction v → is given by its spherical coordinates (α, β) in
and that a viewer-centered orthonormal basis (u
where (w
is a vector basis of the image plane, and u → is the projection of the SHGC axis in the image plane.
An important result for SHGCs, known as the Tangent Lemma, allows us to recover the SHGC image axis from its contour. The Tangent Lemma, proved under orthography in [29] (and valid even under perspective, as shown in [9] ), is given as:
Tangent Lemma: For any two contour points with the same z value, the tangents to the contour intersect on the image axis.
Using the Tangent Lemma, several algorithms for recovering the SHGC image axis have been developed [3] , [29] .
Let us assume that we are given an SHGC image and would like the (w 
Thus, given the image contour C (S ) of SHGC S , the ( i
is the projection of surface point P ( z , t ) onto the image plane, it can be expressed as
The normal N → given in Equation (3), when converted into the (u
The , is given by
The projection of a given cross-section curve, where
It is easily seen that each projected cross-section curve is a scaled version of the projected reference curve. This will prove useful for ruling the SHGC contour (Section 4).
Having analyzed some of the projective properties of SHGC S , one can describe its contour.
The 3D contour generator of S is comprised of its edges and limbs. Analogously, let C , the image contour of SHGC S , be comprised of image limbs L and image edges E . The contour of S can then be written as
where L is given by Equation (6) restricted to the set of (z , t ) satisfying limb Equation (8), and E is also given by Equation (6), where z is restricted to z = z 1 or z = z 2 , as in Equation (1). These projective properties of SHGC S will be used in the next two subsections (Sections 3.2 and 3.3) to show that 2 classes of SHGCs can be constructed such that their contours are identical to C .
Rotational Contour-Equivalent SHGCs
In this section, we demonstrate that a class of SHGCs can be constructed from canonical SHGC S by rotating and stretching the SHGC cross-section such that every member in this class has a contour identical to that of C . Let SHGC S γ be defined by
where c ≥ 1 is the stretching factor associated with S γ such that γ = cos −1 ( cosβ / c ) is the slant angle of SHGC S γ in the viewer direction, s (z ) = z sin γ sinβ is the adjusted z value along the SHGC axis, and
is the modified scaling function. The functions p , q and r are exactly as defined for SHGC S in Equation (1).
The basic method used in the construction of rotational contour-equivalent SHGC S γ is to vary the viewing direction v → γ with respect to the SHGC while modifying some of its other parameters so that its contour C γ remains identical to C , the contour of canonical SHGC S viewed from slant angle β. Demonstrating that an infinite class of SHGCs can be constructed from canonical SHGC S by rotating the cross-section is sufficient to prove that there is at least one degree of freedom that cannot be solved for strictly from the SHGC contour.
It is clear from Equation (9) that the slant angle γ is the only free parameter. 4 The resulting orthonormal basis of the viewer reference frame (u
where v γ → is the viewing direction of SHGC S γ and ( w γ → , u γ → ) is an orthonormal basis for the image plane.
Taking the vector product of the partial derivatives and rescaling by 1/ f s z , we obtain an expression for the normal vector of SHGC S γ given by
The contour C γ is generated by projecting SHGC S γ onto the image plane along the viewing direction
where s , f , and c are as defined in Equation (9) . After some simple algebraic substitution, we obtain
Consider a point P ( z , t ) on the surface of S and a point P γ ( s (z ), t ) on the surface of S γ . From Equation (13) , it follows that these two points map onto the same image point.
The expression for the normal N → γ , given in Equation (11), when converted into the viewer reference frame of Equation (10), is given by
The limb points on SHGC S γ are exactly those points on the surface that have
4 β is the slant of the cross-section curve of canonical SHGC S with respect to the viewer reference frame. It is fixed with respect to the class of SHGCs defined in Equation (9) .
The contour C γ of SHGC S γ can be written as
where L γ is given by Equation (12) restricted to the set of (s , t ) satisfying limb equation (14) , and E γ is also given by Equation (12), where s (z ) is restricted to the values s (z 1 ) and s (z 2 ).
To prove that C γ and C are identical in the image plane, we first prove the correctness of two related lemmas.
Rotation Lemma 1:
Let SHGC S γ be constructed from basis SHGC S as defined in Equation (9 
, it is sufficient, using Equation (13), to show that a point P ( z , t ) on the surface of S is a limb point iff a corresponding point P γ ( s (z ), t ) on the surface of S γ is a limb point.
Since f ( s (z )) = r (z ), differentiating this expression with respect to z yields
After differentiating s (z ), defined in Equation (9), with respect to z and substituting for s z , we have
Substituting this expression for f s into L γ , the limb equation given in Equation (14) , and multiplying by sinβ/sinγ, yields
Using the definition of c with respect to γ given in Equation (9), we substitute for cos γ in Equation (15) to obtain
But this expression is identical to the one obtained for the limb equation of SHGC S in Equation (8) .
Thus, a surface point P (z ,t ) on SHGC S is a limb point iff a surface point P γ ( s (z ), t ) on SHGC S γ is a limb point. This is sufficient, using Equation (13), to show that L γ = L , so the lemma is proved.
There is another lemma, this one concerning image edges, that needs to be proved in order to show contour equivalence.
Rotation Lemma 2:
Let SHGC S γ be constructed from basis SHGC S as defined in Equation (9 Proof: Edges are defined as curves where the surface orientation is discontinuous. Since the cross-section curve and scaling function, as defined in this paper, are both C 2 , the SHGC surface is smooth and edges occur only at the endpoints, i.e., top and bottom cross-section planes . 5 The 3D edges for SHGC S are generated by keeping z fixed, z = z 1 or z = z 2 , and varying t .
The image edge, on the other hand, is not simply the projection of the corresponding 3D edge on the SHGC surface since part of the 3D edge may be self-occluded. Without loss of generality, consider the edge resulting from the intersection of the bottom cross-section plane, z = z 2 , with the swept surface of SHGC S . The visible image projection of this 3D curve can be written as
If there is no self-occlusion, i.e., the entire projected 3D edge curve is visible in the image, then
From the definition for SHGC S γ given in Equation (9) and the previous lemma, it follows that the image projection of the corresponding 3D curve on SHGC S γ is given by
The intervals on t are identical in Equations (16) and (17) since P γ (s (z ), t ) satisfies its limb equation exactly when P (z , t ) satisfies its limb equation. But since
it follows that E γ = E , and the lemma is proved.
Using these two lemmas, we can easily prove a theorem of rotational contour-equivalence.
Theorem 1 (SHGC Contour Rotation Theorem) : Let SHGC S γ , having stretching factor c , be constructed from basis SHGC S as defined in Equation (9). Let C γ be the image contour of S γ when the viewing direction is v γ , as given in Equation (10). Then the image contours for S γ and S are identical, that is
The theorem follows immediately from Rotation Lemmas 1 and 2, since
5 If the weaker assumption of piecewise C 2 is used, then edges can also occur along SHGC meridians and cross-sections. But using Equation (13) it is easy to show that the image meridians and cross-sections of S γ are identical to those of S . Thus, Rotation Lemma 2 is valid even assuming that p , q , and f are only piecewise C 2 .
Consider the SHGC contours shown in Fig. 4 . Based on Theorem 1, we can construct an infinite family of SHGC solutions all of which appear identical to the viewer even though the SHGC surfaces are very different from each other. These SHCGs can be constructed by stretching the contour of some initial SHGC by a certain amount and then compensating for this stretching factor by rotating (i.e., changing the slant of) the cross-section curve. Of course, when seen from a different viewpoint, these SHGCs are no longer contour-equivalent. The contours shown in Fig. 4 are all side views of the (labeled) SHGC shown in Fig. 2(a) . It can be seen that although these three SHGCs are contourequivalent when viewed from a given viewing direction, they are in fact very different shapes.
Aside from viewing classes of contour-equivalent SHGCs from a non-equivalent viewing angle,
we can also get a feel for what is going on with respect to these contour-equivalent surfaces by considering how the Gaussian curvature changes at projection-equivalent points of the SHGC image.
The Gaussian curvature K γ of SHGC S γ at the point P γ (s (z ), t ) on the surface is easily derived [13] :
where c γ = cos β / cos γ and b γ = sin β / sin γ . Terms involving the sweep rule f γ have been replaced with equivalent terms using the sweep rule r for canonical SHGC S . This allows for comparison of expressions of the Gaussian curvature given above and in Equation (4).
It can been seen from this equation that as the stretching factor c γ changes so does the Gaussian curvature. It can also be determined from the above equation that the sign of the Gaussian curvature
will not vary at a given surface point for any member of this rotationally contour-equivalent class of SHGCs, i.e., for any γ value, the sign of the Gaussian curvature at P γ (s (z ), t ) is the same as the sign of the Gaussian curvature at P (z , t ). Thus, Gaussian curvature variations among this contourequivalent class of SHGCs are quantitative but not qualitative. As we shall see in the next section, this is not true for the second class of contour-equivalent SHGCs.
Translation Contour-Equivalent SHGCs
In this section, a second class of SHGCs is constructed from canonical SHGC S . For this class of SHGCs, the viewing direction v → remains fixed. The basic method used in the construction of translation contour-equivalent SHGC S h is to vary the SHGC origin, namely, the translation of the SHGC axis with respect to the cross-section curve, while modifying its other parameters so that the contour C h remains identical to C . Demonstrating that such an infinite class of SHGCs can be constructed from canonical SHGC S will prove that there is at least one degree of freedom with respect to the axis translation of an SHGC that cannot be resolved from its contour.
Let SHGC S h be defined by
where h is the translation factor associated with SHGC S h , s ( z ) = z − h (1−r (z ))/tan β is the position of the cross-section curve along the SHGC axis, and f (s ( z )) = r ( z ) is the modified scaling function.
The p ( . ) and q ( . ) terms in the equation are identical to those for SHGC S , i.e., S h has the same crosssection curve as S modulo a translation. The h term in Equation (18) can be thought of as the factor by which the origin (i.e., centroid) of the top cross-section curve of SHGC S h has been translated in the i → direction from its SHGC axis.
It is clear from examining Equation (18) The normal vector is given by
The contour C h is generated by projecting SHGC S h onto the image plane along the viewing direc-
be the projection of the point P h ( s (z ), t ) onto the image plane. We have
where s and f are as defined in Equation (18). Substituting for s (z ) and simplifying yields
Since f (s (z )) = r (z ), the above expression can be rewritten as
which is identical to the form for OQ → derived in Equation (6) . Consequently, we have
Thus, a point P (z , t ) on the surface of SHGC S and a point P h ( s (z ), t ) on the surface of SHGC S h project onto the same point in the image plane.
The normal N → h in Equation (19) , when converted into the viewer reference frame given in Equation (5), is given by 
To prove that contour C h of SHGC S h is equivalent to contour C of canonical SHGC S , two lemmas first need to be established. The proofs, analogous to those derived in Section 3.2, are omitted.
Translation Lemma 1: Let SHGC S h be constructed from basis SHGC S as defined in Equation (18). Let L h be the image limb of S h , where the viewing direction v → is given by Equation (5). Then the image limbs for S h and S are identical, that is
L h = L .
Translation Lemma 2: Let E h be the image edges of S h as defined in Equation (18). Then the image edges for S h and S are identical, that is
From the two preceding lemmas, the following theorem immediately follows.
Theorem 2 (SHGC Contour Translation Theorem) : Let SHGC S h , having translation factor h , be constructed from basis SHGC S as defined in Equation (18). Let C h be the image contour of S h when the viewing direction is v → (given in Equation (5)). Then the image contours for S h and S are identical, that is
Consider the three SHGC contours shown in Fig. 5 . Based on Theorem 2, we can construct an infinite family of SHGC solutions, as we did in Section 3.2, all of which appear identical to the viewer even though the SHGC surfaces are very different from each other. These SHCGs can be constructed by translating the point of intersection between the cross-section curve and the SHGC axis. This is compensated for by moving faster or slower along the axis, as can be seen from the definition of s (z ) in Equation (18) . Of course, when seen from a different viewpoint, these SHGCs are no longer contour-equivalent, as we discovered in the case of rotationally contour-equivalent SHGCs. The SHGC contours in Fig. 5 are all side views of the SHGC in Fig. 2(a) . It can be seen that although these three SHGCs are contour-equivalent when viewed from a given viewing direction, they are in fact very different shapes.
We are also interested in studying the Gaussian curvature of projection-equivalent points in this contour-equivalent family of surfaces. This is very useful in understanding the allowable surface variation among members of this SHGC class. The Gaussian curvature K h of SHGC S h at the point P h (s (z ), t ) on the surface is easily derived [13] and is given by According to Koenderink [20] , however, the sign of the Gaussian curvature of the surface at points along the boundary curve (i.e., contour generator) is the same as the sign of the curvature of the projection of the boundary curve. How then can we have contour-equivalent SHGC surfaces where the sign of the Gaussian curvature is allowed to vary ? We first observe that along the contour generator there is an additional constraint, i.e., limb equation (21) is satisfied. The expression for the limb equation can be rewritten as
, we obtain a simplified expression
. Since the only term involving h in this expression is the d term in the numerator, and it is squared, it follows that the sign of the Gaussian curvature along an SHGC contour generator does not vary among members of a translation contour-equivalent class of SHGCs. This is consistent with the result by Koenderink [20] that the qualitative nature of the surface (e.g., elliptic vs. hyperbolic) at a point on the contour generator can be determined from its projected contour alone. If one looks closely at the examples shown in Fig. 5 , it is apparent that along the contour generator all of the SHGCs shown have the same qualitative Gaussian curvature.
From Theorem 1 and Theorem 2 we have proven that, given a canonical SHGC S , there are two infinite contour-equivalent sets of SHGCs that can be constructed. Thus, we can now prove the following theorem regarding the shape constraints of an SHGC contour:
Theorem 3 (SHGC Contour Lower Bound) : Given contour C (S ) , generated from some unknown SHGC S , there are at least two degrees of freedom in S unconstrained by C (S ).
Proof: Since C (S ) is an SHGC contour, there must be some SHGC S 0 such that C (S 0 ) = C (S ). But then, without loss of generality, let S 0 be the canonical SHGC defined in Equation (1). Using Equations (9) and (18), we can construct a two-parameter family of SHGCs parametrized by S 0 (z , t ; γ, h ) such that, for every SHGC S i ∈ S 0 (z , t ; γ, h ), we have the contour-equivalence
In the next section, we develop an algorithm for ruling an SHGC contour and then prove that,
given the ruled SHGC contour, there are at most two degrees of freedom with respect to the underlying 3D SHGC. This will allow us to establish a tight bound on the number of degrees of freedom of an SHGC with respect to its image contour.
RULING OVER GENERALIZED CYLINDERS
In this section, a method is described for finding image parallels and meridians directly from the image contour. The basic idea in obtaining the ruled contour is that there is sufficient information, given the image limbs and edges, to recover the image meridians and parallels. From Equation (6) we know that image parallels are scaled versions of the projected top cross-section curve. If we can ascertain the scale of the image parallels at unit intervals along the SHGC image axis, then we are essentially done, since the image meridians are recovered simply by connecting corresponding points on the image parallels.
Consider a point P on the limb of SHGC S and let T P (S ) be the tangent plane to S at P . Let τ → C be the 3D unit tangent vector at P with respect to the cross-section curve C , and let τ → L be the 3D tangent vector at P with respect to the 3D SHGC contour generator L . Since both τ → C and τ → L are vectors tangent to the surface of the SHGC going through the point P , we have
Since P is a limb point whose surface normal is orthogonal to the viewing vector v ii) Once the image parallels have been recovered, connect the corresponding parallel points (i.e., points with parallel tangents) to obtain the image meridians.
An example of the ruling algorithm is given in Fig. 6 . We are given the image limbs and edges as shown in Fig. 6(a) and want to recover the image parallels and meridians. For a given point on image limb L , we find a corresponding point on the image parallel such that their respective tangents are parallel. Then, we rescale the image parallel until it touches the other SHGC image limb as shown in Fig. 6(b) . Next, we check to make sure that the image parallel and limb tangents at the point of intersection are also parallel. The SHGC contour, together with its recovered image parallels, is shown in Fig. 6(c) . The image meridians are obtained (to an approximation) by connecting together corresponding points (using splines) along the image parallels. The fully-ruled SHGC image contour is shown in Fig. 6(d) .
Now that we have an algorithm to recover the ruled SHGC contour, it is necessary to ascertain the following: How does the ruled SHGC contour constrain the underlying 3D shape of the object?
What we demonstrate next is a constructive algorithm that, given the two parameters of slant β and translation h , allows us to fully recover the 3D shape of the SHGC (modulo scale). This algorithm can then be used to show that there are at most 2 parameters unconstrained by the SHGC contour.
In [28] two SHGCs are said to be equivalent if they can be deduced from each other through any sequence of a certain set of transformations. One of these transformations involves rescaling the scaling function by a non-zero constant while rescaling the reference cross-section by the inverse of that constant. Using that transformation, one can decide on a particular parametrization from among this equivalence class, somewhat arbitrarily, by setting the scaling function of the top cross-section curve C T equal to 1, i.e., r (z 1 ) = 1 in Equation (1). As stated above, the centroid of C T is the point
coordinate space, so that z 1 = 0. Then O C , the projected centroid of C T in the image plane, is the centroid of the projection of C T and can be computed directly from the image contour. From Equation (6), the projected top (reference) cross-section curve is given by
Using O C as the origin of the cross-section curve, if we are given the value of rotation parameter β, then we can solve for the p and q values at each point on the contour so that the cross-section curve
) space can be completely recovered. For each recovered image parallel, if the translation parameter h is known, then using Equation (20) we can directly determine the value of the sweeping function with respect to each point on the SHGC axis.
Since the cross-section curve and sweeping function can both be recovered using the ruled contour image when the values of β and h are known, it follows that, given an SHGC contour, at most two degrees of freedom exist in the parametrization of the 3D SHGC (modulo scale). Thus, we have the following theorem:
Theorem 4 (SHGC Contour Upper Bound) : Given contour C (S ), generated from some unknown SHGC S , there are at most two degrees of freedom in S unconstrained by C (S ).
Having proven both upper and lower bounds on SHGC S with respect to its image contour C (S ), we now have a tight bound for SHGC S .
Theorem 5 (SHGC Contour Tight Bound) : Given contour C(S), generated from some unknown SHGC S, there are exactly two degrees of freedom in S unconstrained by C(S).
Now that we have shown that there are exactly two degrees of freedom in SHGC S unconstrained by contour C(S), we can develop an intensity-based algorithm to recover the contourunconstrained parameters.
REFLECTANCE-BASED CONSTRAINTS
In this section, a method is developed that uses the SHGC intensity image to recover the parameters that are unconstrained by contour. In adding intensity-based methods to the recovery algorithm, we are at once concerned that the resulting algorithm not require detailed, a priori knowledge of the imaging model, such as the direction and strength of illuminant sources. Except for highlycontrolled research environments, such information is generally unavailable. We have tried to avoid this pitfall by keeping our assumptions as general as possible.
Since this section of the paper deals with shape from shading, a reflectance model is required.
The reflectance model used in this paper assumes that there are three reflectance components, ambient, Lambertian, and specular that, when added together, determine the image intensities. If we use the Phong reflectance model [8] , then the shading rule can be expressed as the ambient component plus the sum of the Lambertian and specular components from each light source. This expression can be written as
where N is the surface normal, I a is the ambient intensity, k a the ambient albedo, I j , L j , and R j are, respectively, the intensity, direction, and reflected direction of the j th light source, V → is the viewing direction, k d and k s are, respectively, the diffuse and specular surface albedo, and n is a constant proportional to the degree of specularity of the surface. The Phong model is used to generate the synthetic SHGC images in this paper and to develop the shape from shading invariants for recovering the slant and translation parameters. However, since the recovery method is also demonstrated on real images in Section 6, similar shape from shading invariants are probably derivable (at least approximately) for a more physics-based reflectance model, e.g., the generalized Lambertian model presented in Oren and Nayar [25] .
Solving for SHGC rotation
The parallel extrema of an SHGC (assuming they exist) can be determined directly from the ruled contour image since in [29] it is shown that contour distance extrema with respect to the SHGC image axis correspond to extrema of the sweeping rule function r , i.e., r ′ = 0. Let C be an extremal parallel curve on the SHGC surface, as shown in Fig. 7(a) . Consider an SHGC surface point P 1 lying on C . From Equation (3) and the extremal constraint r ′ = 0, the surface normal at P 1 is given by
If N P 1 intersects the i → axis at some angle δ 1 , then p ′ and q ′ can be written as
Substituting these expressions for p ′ and q ′ into Equation (24) yields
Two quantities that are computable directly from the SHGC ruled contour are the image parallel and image meridian tangents. From Equations (2) and (5), we derive an expression for the 3D parallel tangent at P 1 with respect to the viewer-centered (u
Let Q 1 be the projection of P 1 onto the (u → , w → ) image plane and let τ 1 → be the image parallel tangent vector at Q 1 . Since v → is the viewing direction, τ 1 → has the form
After substituting for p ′ and q ′, we obtain
The slope of τ 1 → , computable directly from the ruled contour image, is given by
Thus, if we knew how to compute the value of δ 1 from the image, the desired slant angle β could also be determined from image-computable m 1 . We now proceed to show that the value of δ 1 is also image-computable using the SHGC intensity image.
First, we need to find an image point Q 1 ′ that we refer to as the complement of Q 1 since it satisfies the property
It is clear that a point's complement can be determined directly from the image. If P 1 ′ is the surface point that projects to Q 1 ′, then we will also refer to P 1 ′ as the complement of P 1 . Since Q 1 ′ is a visible image point, the surface normal N → P 1 must satisfy
From the normal Equation (7) and the extremal constraint that r ′ = 0, we have
Since m 1 ′ = cos β tan δ 1 and Equation (25) needs to be be satisfied, N → P 1 ′ must have the form
Thus, if we can find a pair of complementary image points Q 1 and Q 1 ′, then we know that these points correspond to complementary surface points whose normal vectors intersect the i → axis at opposite equal angles.
Let L → be a unit point light source vector given by
where I L is the intensity of the light source and k d is the diffuse surface albedo. Using Lambert's Law, the diffuse reflectance at P 1 and P 1 ′, respectively, are given by
We define a function ∆(i , j ) that, given two image points, computes their intensity difference.
Assuming a strictly Lambertian reflectance model, the intensity difference between Q 1 and Q 1 ′ can be expressed as
If we still assume a strictly Lambertian reflectance model, but allow for multiple light sources with varying illuminant strength and position, then we obtain
where I Li and l 2i are, respectively, the intensity and j → directional component of the i th unit light source vector. Assuming that the specular reflection at points Q 1 and Q 1 ′ is negligible, then we have the approximation
Next, consider a 2nd pair of complementary image points Q 2 and Q 2 ′ that are the projections of the corresponding complementary surface points P 2 and P 2 ′ such that
where δ 2 is the angle of intersection between their respective surface normals and the i → axis. The intensity difference is approximated by
Taking the image-computable ratio of these two intensity differences, we obtain
Let τ 2 → be the image parallel tangent vector at Q 2 and m 2 its slope. Then the image-computable value of m 2 can be expressed as
A second image-computable ratio, obtained by dividing m 1 by m 2 , is given by
After some simple algebraic manipulation, we can derive a δ 2 approximation of the form
Since a and b are both image-computable, an approximation for δ 2 is computable directly from the intensity image. But now that estimates for m 2 and δ 2 have been computed, the value of β can be computed using
This method can be used to compute an approximation for the value of β from two sets of complementary extremal image points without knowledge of the number of light sources, their respective strength and direction, the diffuse or ambient surface albedo, or the intensity of the ambient light.
The algorithm used to recover the value of β is given below: Each pair of complementary pairs of points votes on a β solution, and the bin corresponding to the peak in the histogram is considered to be the approximate β solution.
Let us illustrate the algorithm with an example. For the SHGC shown in Fig. 7(a) , the algorithm just described was applied to points along the extrema. The 90 − β histogram is shown in Fig.   7 (b). The peak of the histogram occurs at 20°, which corresponds to the 20°rotation towards the viewer (from the vertical direction) that was used in generating the SHGC. Additional experiments on both real and synthetic SHGC images are presented in Section 6.
Solving for SHGC axis translation
In this section, we present an intensity-based method for the recovery of the 3D axis translation parameter h . A closed-form intensity-based solution for h was given in [12] and [13] , however, unlike the method described in this section, it did not allow for ambient and specular reflective components. We assume at this point in the recovery process that the image axis has been recovered, the contour has been ruled (Section 4), and the slant parameter β has been recovered (Section 5.1).
These are prerequisites for recovering translation parameter h . In addition, we assume (as in the previous section) that there is an extrema of the sweeping function.
We would like to derive some intensity-based error-of-fit (hereafter EOF) measure that is minimized for the correct value of h . This EOF measure does not correspond to a distance metric so that some bias may be induced by the measure (see [11] ). Further study is required to determine whether such distance-metric EOF measures can be derived in the intensity domain. The algorithm presented in this section iterates through the h solution space and accepts as the solution for h the value that minimizes the intensity-based EOF measure.
Assume for a moment that the translation parameter h is known. Then the underlying 3D SHGC can be fully parametrized (modulo scale). An expression for the surface normal is analogous to the one given in Equation (3) . One of the tools we consider helpful in finding photometric invariants is to use an alternative orthogonal basis for the light sources such that the reflectance equation is simplified (i.e., reduced from 3D to 2D). We first observe from Equation (3) that all the points along a given meridian M i will have surface normals perpendicular to the vector
In analyzing the intensities of points along the image of M i , then, it is natural to parametrize each light source with respect to the orthogonal basis given by
Then for any point P 1 on M i , its surface normal N → P 1 satisfies the constraint
Thus, for any point light source in the scene, we need only be concerned with its e → 1 and e → 3 components. If the translation parameter is known then, using Equation (19) , the normal can be computed for any point on the ruled SHGC image. For the purpose of analyzing the intensities on an image meridian, we consider two image points Q 1 and Q 2 to be complements if their respective surface normals intersect the e 1 → axis at opposite equal angles, such that
Now consider a unit light source direction L → given by
The image intensities at Q 1 and Q 2 , where I L is the strength of the light source and the reflectance is purely Lambertian, are given by
The intensity difference between Q 1 and Q 2 is given by
If there are multiple light source and ambient lighting, with no specularity, then this expression for the intensity difference between Q 1 and Q 2 generalizes to
since the ambient component is eliminated by taking the intensity difference. But if h is known (the recovery algorithm iterates through h space so that there is always a current value for h ) and β is known (the value of β has already been recovered), then the value of δ is also known. Dividing the above expression by −2 sin δ, we obtain
The above expression should have a constant value for any set of complementary meridian points that we choose. Thus, an EOF measure that should be minimized for the correct value of h is obtained by computing the variance of the function given in Equation (26) over all pairs of complementary points on a given image meridian. This EOF measure is given by
This EOF measure is not particularly robust, and we could probably obtain considerably more robustness using a least median of squares EOF measure. The general algorithm used to recover the translation parameter h is as follows: ii) Iterating through h , find the value of h that minimizes EOF I (h ).
Consider the SHGC shown in Fig. 8(a) . This is the same SHGC intensity image shown in Fig.   7 (a), except that one of the SHGC meridians has been marked. Running the algorithm on the image intensities of the meridian shown, the graph in Fig. 8(b) was obtained. The graph has a minima at h = 0 which is the correct solution for h , corresponding to the fact that in this example the SHGC was generated with the SHGC axis intersecting the centroid of the cross-section curve. In the next section, additional experiments are presented on both synthetic and real SHGC images.
EXPERIMENTAL RESULTS
Consider the elliptical SHGC shown in Fig. 9 (a). It should be noted that in this image there are two light sources. The extremal cross-section curve used in recovering β is also shown. The slant angle β is 90°when the SHGC k → axis is parallel to the vertical image axis u → . For the purpose of displaying the recovered rotational parameters in this section, we will display the vertical angle (90 − β)°, which we will refer to as the vertical angle. The vertical angle used to generate the SHGC intensity image was 30°. The histogram shown in Fig. 9 (b) attains its maximum value at 30°. In this example, it is worth noting that a symmetry-based shape from contour method would not recover a unique solution since the contour is not bilaterally symmetric (i.e., it is not a surface of revolution)
and there are an infinite number of elliptical SHGCs that could have generated the contour (i.e., an ellipse is infinitely skew symmetric).
How robust is the algorithm to specularities? In Fig. 9(c) , the same elliptical SHGC is shown, except that this time one of the light sources has been moved so that it generates a specular highlight that covers part of the parallel extrema. The histogram is shown in Fig. 9(d) , where the maximum vertical angle is attained at 31°, one degree off the correct solution used in generating the image.
Next, we consider recovering the axis translation h , where h = 0 corresponds to an SHGC axis that intersects the centroid of the cross-section curve. In Fig. 10(a) , the SHGC from meridians correctly obtain a minima at h = 0, while the "specular" meridian does not. Once the rotation and translation parameters have been recovered, the underlying 3D SHGC is now fulldetermined, modulo scale. Two of the recovered SHGCs are shown in Fig. 12 .
We now try out the algorithm on a real SHGC image, as shown in Fig. 13(a) . First, the image contour is computed and the image limbs are separated from the image edges. Next, the image axis is recovered. Taking the top edge to be the top cross-section curve, the SHGC ruling is then computed as shown in Fig. 13(b) . From the SHGC ruling, a parallel extrema is found, see Fig. 13(c) . Using the intensity values along the extrema, a histogram is computed for the vertical rotation angle, as shown in Fig. 13(d) . The histogram attains a maximum at 19°from vertical alignment, while the actual value (which can be determined from the rotational symmetry) is approximately 20°. Next, an image meridian is selected, as shown in Fig. 13 (e). The intensity-based translation recovery algorithm presented in Section 5.3 is used on this meridian and the graph of EOF (h ) is shown in Fig. 13(f) . The minima for the axis translation EOF is obtained at h = 0.05, i.e., the axis of the SHGC roughly intersects the centroid of the cross-section curve, which is consistent with the image axis intersecting the projected center of the cross-section curve. The recovered SHGC is shown in Fig. 13(g) .
Next, we are interested in testing the robustness of the algorithm to instances where the reflectance function is not purely Lambertian, but more closely resembles the "weak Lambertian function" given in [3] . In this example, the object of interest shown in Fig. 14(a) is known to be a surface of revolution (aka SOR) by virtue of its bilateral symmetry. In addition, the object seems to be somewhat "burnt" so that we do not expect it to follow a strict cosine rule. The projected parallel extrema is shown in Fig. 14(b) and corresponds to a vertical rotation of approximately 17°. Taking the brightest point on the parallel extrema as the direction of the light source, we graph the intensity along the parallel extrema as a function of the cosine angle between the light source and the surface normal. In the graph, shown in Fig. 14(c) , it appears that the observed image intensity is approximately a monotonically decreasing function of the cosine angle between the surface normal and the light source. The histogram of the recovered solution for the vertical rotation angle is shown in Fig. 14(d), where the peak of the histogram is at 16°, within a degree of the correct solution.
Finally, we are interested in demonstrating the applicability of the intensity-based methods presented in this paper to object classes other than SHGCs. For most SHGCs, the contour is often sufficient to recover the 3D shape (modulo scale) as demonstrated in [14] . For example, the contour image of the SHGC in Fig. 7 is shown in Fig. 15 . Since the projected cross-section curve is skewsymmetric, it seems reasonable to assume that the 3D cross-section curve is symmetric. Moreover, since the projected cross-sectional axes of symmetry and the SHGC image axis intersect at a point, we can safely assume (using the non-accidentalness criterion described in [14] ) that these axes intersect in 3D and form an orthogonal coordinate system. But since the projection of three orthogonal axes in 3D has a unique solution (modulo a mirror reversal), both contour-unconstrained SHGC parameters can be determined. Thus, if the SHGC is assumed to be both rotationally and bilaterally symmetric, its 3D shape can often be recovered without using the intensity image. The tools developed in Section 5, however, can also be used to recover classes of surfaces that are provably unrecoverable from contour information alone (see [15] ). For example, the 3D shape of the tube shown in Fig. 1 cannot be recovered from contour alone. As shown in [15] , the intensity image of the tube in Fig. 1(a) has a unique solution, while the contour image in Fig. 1(b) has one degree of freedom corresponding to the slant of the disc at each point on the tube axis. Using the intensitybased slant recovery algorithm of Section 5.2, the orientation of discs along the tube can be recovered, as shown in Fig. 16(a) . This can be then be used to generate the image mesh ( Fig. 16(b) ) which uniquely determines (modulo scale) the 3D shape of the underlying tube surface.
CONCLUSIONS AND FUTURE WORK
In this paper, we first studied the contour constraints of SHGCs. This study involved determining the degrees of freedom unconstrained by contour. It included developing an algorithm to recover the SHGC ruling. The authors then proved that exactly two parameters are unconstrained by the SHGC contour. These two parameters are the slant of the cross-section curve and the translation of the SHGC axis with respect to the cross-section centroid.
The second part of the paper studied intensity-based constraints to recover the two free parameters. In Section 5, an algorithm is given to uniquely recover the shape of an SHGC (modulo scale). It incorporates methods using both contour and intensity information. Although the recovery algorithm is intensity-based, it does not require knowledge of the number of light sources, their positions, intensities, or the surface albedo (assuming it is constant).
Future work will consider the recovery of other shape classes from a single intensity view. In particular, the authors intend to study the recovery of Generalized Tubes and symmetric surfaces.
